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1 Proof of Theorem 4.1

In this appendix, we prove the subject reduction theorem of FGJself . The struc-
ture of the proof is similar to that of FGJ [1], beginning with weakening lemmas,
followed by various substitution lemmas, showing the properties of the lookup
functions. Since self type variables are a small extension, it is sufficient to up-
date a few lemmas. In what follows, the metavariables Z and V range over type
variables and types, respectively.

Lemma 1 (Weakening). Suppose ∆, X<:N ⊢ N ok and ∆ ⊢ U ok.

1. If ∆ ⊢ S<:T, then ∆, X<:N ⊢ S<:T.

2. If ∆ ⊢ S ok, then ∆, X<:N ⊢ S ok.
3. If ∆; X ⊢ S ok-bound, then ∆, X<:N; X ⊢ S ok-bound.

4. If ∆;Γ ⊢ e:T, then ∆;Γ, x:U ⊢ e:T and ∆, X<:N;Γ ⊢ e:T.

Proof. Each of them is proved by straightforward induction on the derivation of
∆ ⊢ S<:T, ∆ ⊢ S ok, ∆; X ⊢ S ok-bound and ∆;Γ ⊢ e:T. �

Lemma 2 (Type Substitution Preserves Subtyping). If ∆1, X<:N,∆2 ⊢
S <: T and ∆1 ⊢ U <: [U/X]N with ∆1 ⊢ U ok and none of X appearing in ∆1, then

∆1, [U/X]∆2 ⊢ [U/X]S <: [U/X]T.

Proof. By induction on the derivation of ∆1, X<:N,∆2 ⊢ S <: T. Refer to [1]. �

Lemma 3 (Type Substitution Preserves Well-formed Instantiation).
If ∆1, X<:N,∆2 ⊢ T ok and ∆1 ⊢ U <: [U/X]N with ∆1 ⊢ U ok and none of X

appearing in ∆1, then ∆1, [U/X]∆2 ⊢ [U/X]T ok.

Proof. By induction on the derivation of ∆1, X<:N, ∆2 ⊢ T ok, with a case analysis
on the last rule used. Refer to [1]. �

Lemma 4. Suppose ∆1, X<:N,∆2 ⊢ T ok and ∆1 ⊢ U <: [U/X]N with ∆1 ⊢ U ok
and none of X appearing in ∆1. Then,

∆1, [U/X]∆2 ⊢ bound∆1, [U/X]∆2
([U/X]T) <: [U/X](bound∆1,X<:N,∆2

(T)).

Proof. Refer to [1]. �

Lemma 5. If ∆ ⊢ S <: T and fields(bound∆(T)) = T f, then fields(bound∆(S))
= S g and Si = Ti and gi = fi for all i ≤ |f|.



Proof. By straightforward induction on the derivation of ∆ ⊢ S <: T. Refer to [1].
�

Lemma 6. If ∆ ⊢ T ok and mtype(m, bound∆(T)) = <Y⊳P>U→U0, then for any S

such that ∆ ⊢ S <: T and ∆ ⊢ S ok, we have mtype(m, bound∆(S)) = <Y⊳P>U→U0
′

and ∆, Y<:P ⊢ U0
′ <: U0.

Proof. By straightforward induction on the derivation of ∆ ⊢ S <: T with a case
analysis by the last rule used. Refer to [1]. �

Lemma 7 (Type Substitution Preserves Typing). If ∆1, X<:N, ∆2; Γ ⊢
e:T and ∆1 ⊢ U <: [U/X]N where ∆1 ⊢ U ok and none of X appears in ∆1, then

∆1, [U/X]∆2; [U/X]Γ ⊢ [U/X]e:S for some S such that ∆1, [U/X]∆2 ⊢ S <: [U/X]T.

Proof. By induction on the derivation of ∆1, X<:N,∆2;Γ ⊢ e:T with a case anal-
ysis on the last rule used. Refer to [1]. �

Lemma 8 (Term Substitution Preserves Typing). If ∆;Γ, x : T ⊢ e:T

and ∆;Γ ⊢ d:S where ∆ ⊢ S <: T, then ∆;Γ ⊢ [d/x]e:S for some S such that

∆ ⊢ S <: T.

Lemma 9. If mtype(m, C<T>) = <Y⊳P>U→U and mbody(m<V>, C<T>) = x.e0

where ∆ ⊢ V ok and ∆ ⊢ V <: [V/Y]P and ∆ ⊢ C<T> ok-inst, then there exist

some N and S such that ∆ ⊢ C<T> <: N and ∆ ⊢ N ok-inst and ∆ ⊢ S <: [V/Y]U
and ∆ ⊢ S ok-inst and ∆; x : [V/Y]U, this : selftype(N) ⊢ e0:S.

Proof. By induction of the derivation of mbody(m<V>, C<T>) using Lemma 8 with
a case analysis on the last rule used. �

Lemma 10. Assume class iopt C<X⊳N>⊳N{..}. If C<X⊳N> ⊢ N ok-superclass,
then X<:N ⊢ selftype(C<X>) <: selftype(N).

Proof. By the case analysis on the derivation of C<X⊳N> ⊢ N ok-superclass. �

Lemma 11. If ∆ ⊢ N <: P, then ∆ ⊢ selftype(N) <: selftype(P)

Proof. By induction on the derivation of ∆ ⊢ N <: P using Lemma 10. �

Proof. (Theorem 4.1)By induction on the derivation of e −→ e′ with a case
analysis on the reduction rule used. We show only the case of GR-Invk. Other
cases can be proved as described in [1].

Case GR-Invk: e = new N(e).<V>m(d) mbody(m<V>, N) = x.e0

e′ = [d/x, new N(e)/this]e0

By the rules GT-Invk and GT-New, we have

∆;Γ ⊢ new N(e):N mtype(m, bound∆(N)) = <Y⊳P>U→U

∆ ⊢ V ok ∆ ⊢ V <: [V/Y]P ∆;Γ ⊢ d:S

∆ ⊢ S <: [V/Y]U T = [V/Y]U ∆ ⊢ N ok



By Lemma 9, ∆; x : [V/Y]U, this : selftype(P) ⊢ e0:S for some P and S such that
∆ ⊢ P ok-inst and ∆ ⊢ N <: P and ∆ ⊢ S <: [V/Y]U and ∆ ⊢ S ok-inst. Since
N = selftype(N), by Lemma 11 ∆ ⊢ N <: selftype(P). Then, by the weakening
property on type environment and Lemma 8, ∆;Γ ⊢ [d/x, new N(e)/this]e0:T0

for some T0 such that ∆ ⊢ T0 <: S. By S-Trans, we have ∆ ⊢ T0 <: T. Finally,
letting T′ = T0 finishes the case. �

2 Proof of Theorems 4.4 and 4.5

First, we develop a number of the required lemmas.

Lemma 12. If fields(C) = T f, then fields
FGJ

(|C|) = |T| f.

Proof. By induction on the derivation of fields(C). �

Lemma 13. If classes(C) = E and ∆; C.Ej ⊢ T ok for some ∆, then [|U|/|.E|]|T|
= |T@Ui| for U where U = F.E or U = .E.

Proof. By case analysis on T. �

Lemma 14. If classes(C) = E and ∅; C ⊢ C.Ei ok and fields(C.Ei) = T f, then

fields
FGJ

(⌈C.Ei⌉<|U|>) = |T@Ui| f for U where U = F.E or U = .E.

Proof. By induction on the derivation of ∅; C ⊢ C.Ei ok. �

Lemma 15. If mtype(m, C) = <X⊳C>T→T0, then mtype
FGJ

(m, C) = <|X⊳C|>|T|→|T0|.

Proof. By induction on the derivation of mtype(m, C). �

Lemma 16. If classes(C) = E and ∅; C ⊢ C.Ei ok and mtype(m, C.Ei) = <X⊳C>T→T0,

then mtype
FGJ

(m, ⌈C.Ei⌉<|U|>) = <|X⊳C|>|T@Ui|→|T0@Ui| for U where U = F.E or

U = .E.

Proof. By induction on the derivation of ∅; C ⊢ C.Ei ok. �

Lemma 17. If ∆; C ⊢ F, C ok and ∆ ⊢ F<:C, then |∆| ⊢FGJ |F|C ok.

Proof. Easy. �

Lemma 18. If ∆ ⊢ S<:T, then |∆| ⊢FGJ |S|<:|T|.

Proof. By induction on the derivation of ∆ ⊢ S<:T. �

Lemma 19. If X<:C; A ⊢ T ok, then |[F/X]T| = [|F|C/|X|C]|T|.

Proof. By case analysis on T. �

Lemma 20. If ∆ ⊢ F<:C and classes(C) = E, then |∆| ⊢FGJ |F|C<: ([|F|C/|X|C]
⌈C.E⌉<|X.E|>), C.

Proof. By case analysis on F. �



Lemma 21. If ∆; C ⊢ T ok and |∆| ⊢FGJ T ok. Similarly, if classes(C) = E and

∆; C.Ei ⊢ T ok, then |∆|, |⊳C| ⊢FGJ |T| ok.

Proof. By case analysis on T. �

Lemma 22. If classes(C) = E, then |X<:C|; |X.Ei| ⊢FGJ ⌈C.Ei⌉<|X.E|> ok-bound.

Proof. Easily proved by WFB-ClassSelf. �

Lemma 23. If classes(C) = E and ∅; A ⊢ C.Ei ok, then fix (C, Ei) =

class |C.Ei|⊳⌈C.Ei⌉<|C.E|>{ }} ok.

Proof. Can be proved by GT-Class. �

Proof. (Theorem 4.4) We prove the theorem in two steps: first, it is shown that
if ∆;Γ ; C ⊢ e:T then |∆|; |Γ | ⊢FGJ |e|∆,Γ,C:|T|, and if ∆;Γ ; C.E ⊢ e:T then
|∆|, |⊳C|; |Γ | ⊢FGJ |e|∆,Γ,C.E:|T|; and second, we show CT is ok.

The first part is proved by induction on the derivation of ∆;Γ ; C ⊢ e:T and
∆;Γ ; C.E ⊢ e:T. We show only the latter case since the former can be proved
similarly to the latter.

Case T-Field: e = e0.fi ∆;Γ ; C.E ⊢ e0:T0

fields(bound∆(T0@C.E)) = T f T = Ti@T0

By induction hypothesis, we have |∆|, |⊳C|; |Γ | ⊢FGJ |e0|∆,Γ,C.E:|T0|. Case anal-
ysis on T0.

Subcase: T0 = P

By Lemma 12 and the fact that |∆(P)| = |∆|(|P|), fields
FGJ

(bound (|∆|,|⊳C|)(|P|))
= |T| f. Since Ti@T0 = Ti, by GT-Field |∆|, |⊳C|; |Γ | ⊢FGJ |e0|∆,Γ,C.E.fi:|Ti|.

Subcase: T0 = C′.Dj where classes(C′) = D

Since there is class C′DiFix ⊳⌈C′.Dj⌉<|C
′.D|>{}, by Lemma 13 fields

FGJ
(C′.Dj)

= fields
FGJ

(C′DiFix) = |T@C′.Dj | f. By GT-Field, |∆|, |⊳C|; |Γ | ⊢FGJ |e0|∆,Γ,C.E

.fi: |Ti@C′.Dj |.

Subcase: T0 = X.Dj where X<:C′ ∈ ∆ and classes(C′) = D

Since fields(bound∆(X.Dj)) = fields(C′.Dj) by .FJ typing rule, by Lemma 13
fields

FGJ
(bound (|∆|,|⊳C|)(|X.Dj |)) = fields

FGJ
(⌈C′.Dj⌉<|X.D|>) = |T@X.Dj |. By GT-

Field, |∆|, |⊳C|; |Γ | ⊢FGJ |e0|∆,Γ,C.E.fi: |Ti@X.Dj |.

Subcase: T0 = .Ej where classes(C) = E

Since fields(.Ej@C.E) = fields(C.Ej), by Lemma 13 fields
FGJ

(bound (|∆|,|⊳C|)(Ej))
= fields

FGJ
(⌈C.Ej⌉<|.E|>) = T@.Ej f. By GT-Field, |∆|, |⊳C|; |Γ | ⊢FGJ |e0|∆,Γ,C.E

.fi: |Ti@.Ej |.

Case GT-Invk, GT-New:

Similar to the case above. The second part (|CT | ok) follows from the first part
with examination of the rules GT-Method, GT-Class and GT-ClassSelf.
It is easy to show that:

1. if C ⊢ M ok, then C ⊢FGJ |M|C ok.



2. if C.Ei ⊢ M ok where classes(C) = E, then C$Ei<|⊳C|>⊢FGJ |M|C.Ei
.

3. if C ⊢ NL ok, then ⊢FGJ |NL|C ok.
4. if ⊢ C ok, then ⊢FGJ |C| ok.

�

The following three lemmas from [2] are ones used to prove .FJ subject
reduction. We write A <# B if either (1) A = C, B = D, and ⊢ C <: D, or (2)
A = C.E, B = D.E, and ⊢ C <: D.

Lemma 24. If A <# B and mtype(m, B) = <X⊳C>U→U0, then mtype(m, A) =
<X⊳C>U→U0.

Lemma 25. If ∆, X<:C;Γ ; A ⊢ e : T and ∆ ⊢ F ok and ∆ ⊢ F <: C, then there

exists some S such that ∆; [F/X]Γ ; A ⊢ [F/X]e : S and ∆ ⊢ S <: [F/X]T.

Lemma 26. If ∆;Γ, x:T; A ⊢ e : T and ∆;Γ ; A ⊢ d : S and ∆ ⊢ S <: T, then

there exists some S such that ∆;Γ ; A ⊢ [d/x]e : S and ∆ ⊢ S <: T.

Lemma 27. If X<:C ∈ ∆ and ∆;Γ ; A ⊢ e:T and ∆ ⊢ F<:C, then |[F/X]e|∆,Γ,A =

[|F|C/|X|C]|e|∆,Γ,A

Proof. By induction on the derivation of ∆;Γ ; A ⊢ e:T. Note that if C<:D, then
|F|D = [|F|C/|X|C]|X|D. �

Lemma 28. If ∆;Γ ; A ⊢ e:T and ∆′;Γ ′; A0 ⊢ e0:T0, then |[e/x]e0|∆,Γ,A =
[|e|∆,Γ,A/x]|e0|∆′,Γ ′,A0

Proof. By induction on the derivation of ∆′;Γ ′; A0 ⊢ e0:T0. �

Proof.(Theorem 4.5) By induction on the derivation of e−→e′ with a case anal-
ysis on the last reduction rule used.

Case R-Field: e = new A0(e).fi e′ = ei fields(A0) = T f

Since |new A0(e).fi|∆,Γ,A = new |A0|(|e|∆,Γ,A).fi, fields
FGJ

(|A0|) = |T@A0| f by
Lemmas 12 and 13. By GR-Field, new |A0|(|e|∆,Γ,A).fi−→|ei|

Case R-Invk: e = new A0(e).<P>m(d) e′ = [d/x, new A0(e)/this]e
′
0

mbody(m<P>, A0) = x.e′0

Assume that <X⊳C>T0 m(T x){ return e0; }. By the definition of mbody , e′0
= [P/X]e0. By the definition of the translation, |new A0(e).<P>m(d)|∆,Γ,A =
new |A0|(|e|∆,Γ,A).<|P|C>m(|d|∆,Γ,A). Let ∆′ = X<:C, Γ ′ = x:T, this:A0. Since
mbody

FGJ
(m<|P|

C
>, |A0|) = x.e′′0 where e′′0 = [|P|

C
/|X|

C
]|e0|∆′,Γ ′,A0 , we must show

that |[d/x, new A0(e)/this]e
′
0|∆,Γ,A = [|d|∆,Γ,A/x, new |A0|(|e|∆,Γ,A)/this]e

′′
0.

[|d|∆,Γ,A/x, new |A0|(|e|∆,Γ,A)/this]e
′′

0 (by Lemma 27)
= [|d|∆,Γ,A/x, new |A0|(|e|∆,Γ,A)/this]|[P/X]e0|∆′,Γ ′,A0 (by Lemma 28)
= |[d/x, new A0(e)/this][P/X]e0|∆,Γ,A.



Case RC-Field, RC-Invk-Recv, RC-Invk-Arg, RC-New-Arg:

Immediate from the induction hypothesis. �
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